Abstract. We consider a free charged particle interacting with an electromagnetic bath at zero temperature. The dipole approximation is used to treat the bath wavelengths larger than the width of the particle wave packet. The effect of these wavelengths is described then by a linear Hamiltonian whose form is analogous to phenomenological Hamiltonians previously adopted to describe the free particle-bath interaction. We study how the time dependence of decoherence evolution is related with initial particle-bath correlations. We show that decoherence is related to the time dependent dressing of the particle. Moreover because decoherence induced by the T = 0 bath is very rapid, we make some considerations on the conditions under which interference may be experimentally observed.
Introduction
Decoherence, that is the destruction of coherent phase relations present in the elements of the density matrix describing the system, is induced by the interaction between the quantum system and the environment. It appears to be relevant in fields ranging from quantum measurement [1] to classical-quantum interface [2] , quantum information theory and computation [3] and cosmology [4] . Recently experimental evidence of environment induced decoherence has also been reported [5, 6, 7, 8, 9, 10, 11] . Several analysis of decoherence processes have been reported for the case of a particle, either free or in a potential, linearly coupled to the environment modelled as a bath of harmonic oscillators at temperature T [12, 13, 14, 15, 16, 17] . Usually, initial conditions are adopted in which the system and the environment are decoupled, the interaction being effective after some initial time t = 0 [18, 19, 20, 21] . It has been shown that, starting with factorizable initial conditions, which corresponds to the absence of initial correlations between the system and the environment, it is possible to separate the decoherence into two characteristic parts. The first, related to the thermal properties of the bath, has a typical development time which in some models goes like T −1 ; the second, related to the zero point fluctuations of the oscillators of the bath, has a characteristic development time independent of temperature [22] .
The time development of decoherence is also affected by the initial presence of correlations between the system and the environment [12, 13, 23, 24, 25, 26, 27] . However to choose the amount of correlations present in the initial conditions and to determine their influence on the time development may be a delicate problem mainly when interaction with the bath is always present as in the case of a charged particle interacting with the radiation field. However when the initial time is taken immediately after a fast dynamical evolution, like immediately after a collision, it appears to be reasonable to consider conditions where the particle and the bath are not in complete equilibrium [28] , the extreme cases being either of completely factorized or completely correlated initial conditions. Non factorized initial conditions have in fact been adopted for particles interacting with a thermal bath corresponding to the condition where a position measurement has been made on the particle once it is in equilibrium with the bath at temperature T [13, 25, 27] . Other types of initial conditions have been also considered with the particle subject to a potential abruptly modified at t = 0 or a combination of this and of the previous ones [24] . The presence of entanglement between a particle and a bath at zero temperature has been in particular explicitly taken into account [29] .
In the context of quantum computing it has been shown, that in an ensemble of two level systems interacting with a reservoir of harmonic oscillators, decoherence among the two level systems develops because of the buildup of correlations between each two level system and the environment [30] . A similar mechanism has been suggested to occur also in the case of a free charged particle interacting with the electromagnetic field vacuum. Here the decoherence among different momenta of the particle wave packet develops because of the buildup of correlations between each momentum and the associated transverse electromagnetic field structure that is responsible of the mass renormalization [31] .
To treat the case of a non relativistic charged particle interacting, within the electric dipole approximation, with the electromagnetic field at temperature T , both the Hamiltonian approach [15] and functional techniques [13, 16] have been used. In particular development of decoherence has been studied for charged particles by examining the time dependence of the interference among two coherent wave packets.
Recently diffraction experiments have been performed where interference among different wave packets of the same particle has been observed also for rather long times [5, 6, 8, 11] . There are however indications that starting from uncoupled initial conditions decoherence develops also when the environment is at zero temperature and usually it may occur faster than the typical times of motion [14, 22] . It appears thus of interest to examine how the development of vacuum induced decoherence depends from the amount of correlation initially present between the particle and the environment.
Our model consists of a non relativistic free particle linearly interacting with a bath of harmonic oscillators at zero temperature. Our results will in particular be specialized to the case of a charged particle embedded in the electromagnetic field modes represented by a set of harmonic oscillators. This specialization is obtained from the general case by choosing the appropriate form of the coupling constants.
To study the effects of initial condition on the time development of decoherence among the momentum components of the same wave packet, the behavior of the reduced density matrix elements shall be analyzed.
Model
Phenomenological Hamiltonians, where the interaction is described by a linear coupling, have previously been adopted in the study of decoherence of free particles interacting with the environment treated as a bath of harmonic oscillators [12, 14, 16] .
Here we consider a non relativistic free charged particle, initially moving at a velocityv, interacting with the transverse electromagnetic field.
Taking the electromagnetic field as a set of normal modes, each characterized by a wave vector k and a polarization index j, the potential vector in the Coulomb gauge and with periodic boundary conditions taken on a volume V iŝ
where ε k,j are the polarization vectors (j = 1, 2),r is the particle position operator and a k,j andâ † k,j are the annihilation and creation operators of the modes that satisfy the commutation rules [ 
The non relativistic minimal coupling Hamiltonian has the form
wherep is the particle momentum operator, m 0 is the bare mass and e is the charge of the particle.
In the case of a free particle the dipole approximation, typically adopted for bound charges, may be also adopted if the linear dimensions of the wave packet are small compared to the relevant wavelengths of the field. This can be applied to our Hamiltonian (2) introducing a cut off frequency Ω such that the corresponding wavelength still allows the application of dipole approximation. Moreover in order to adopt this approximation without having problems related to the distance covered in time by the particle, taking advantage of Galilean invariance of the non relativistic Hamiltonian, we put ourselves in the reference system comoving with the particle so that its average initial velocity is zero [17] . All the quantities we have introduced are obviously relative to this reference system. Within the dipole approximation, the operatorr can be replaced by a parameter r 0 indicating the wave packet position at time t. In absence of interaction, in the comoving reference system, r 0 is obviously given by the initial position of the particle. Substituting this parameter in Eq. (2), the Hamiltonian becomeŝ
where we have neglected the quadratic interaction term. In fact its physical origin is linked to the particle average kinetic energy due to the vacuum fluctuations [32] , and it is usually very small compared to the linear term. On the other hand it can also be exactly eliminated by a canonical transformation of the Bogoliubov Tiablikov form [33] . This transformation has in fact been used to eliminate an analogous quadratic interaction term in the phenomenological Hamiltonian used to describe a free particle coupled to a dissipative environment [12] . The advantage of using the dipole approximation and of having a linear interaction in our system manifests itself in the fact that the Hamiltonian can be treated exactly. Moreover the Hamiltonian of Eq. (3) is formally equivalent to a model Hamiltonian previously used, in the context of quantum computing, to study the decoherence of an ensemble of two level systems coupled to a reservoir of harmonic oscillators [30] . This will permit to develop a physical analogy between these systems.
It is clear that the wave packet describing the free particle is subject to spreading. This limits the range of time where dipole approximation may be used [14] . This spreading of the wave packet has been also taken in consideration with regard to eventual problems in the definition of decoherence [34] .
Using Eqs. (3) and (1) the Hamiltonian can be written aŝ
where we have introduced for the momentum operator the notation p pσ p , witĥ σ p = |p p| the projection operator on the momentum eigenvalue p, while g p k,j are the coupling coefficients given by
Eq. (4) expresses the charge-field Hamiltonian in its unrenormalized form. To obtain the renormalized form we introduce the physical mass m as
where δm represents the mass variation due to the coupling with the bath. The renormalized form is then
The Hamiltonian under the form (4) or (7) can describe a variety of physical systems with an appropriate choice of the coefficients g p k,j . In fact a form analogous to it has been previously used, both in its unrenormalized [15, 16] and renormalized form [12, 13] , with the appropriate g p k,j , to treat a particle interacting linearly with a bath. In the following we shall keep unexplicit the expression of the coupling coefficients g p k,j , so that some results will be true not only for the charge-field interaction but in general for any particle-bath interaction with linear coupling. The explicit charge-field form (5) will be only used at the end to evidence the dependence of the results from the parameters of the system.
Fully correlated states
To treat the effects of the presence of particle-field correlations in the initial state, we consider at first an initial condition with the particle in complete equilibrium with the zero point field fluctuations and localized at the position r 0 . This implies that each momentum component of the wave packet is in equilibrium with the fluctuations of the electromagnetic field. The momentum of the charge commutes with the Hamiltonian (7), thus the equilibrium state of a given momentum must be an eigenstate ofĤ. In order to find these eigenstates we diagonalize exactlyĤ by a canonical transformation using the unitary operatorŝ
that act in the particle-field mode Hilbert space
F . The action of the canonical transformation, induced byD p k,j on the operatorsâ k,j and a † k,j , is
To treat properly the initial condition of particle and bath when correlations are present at all frequencies, we apply the canonical transformation given in Eq. (8) to all the modes. This amounts to expressĤ in terms of the transformed operatorsã k,j andã † k,j . Thus, inverting Eq. (9) and substituting into the Hamiltonian of Eq. (7), we obtain
In the last term onlyσ p is an operator thus it is possible to write
by an appropriate definition of δm. In particular for the charge-electromagnetic field case, using Eq. (5) for g p k,j , taking the continuum limit, the mass variation δm has the
where Ω is an upper frequency cut off. We see that, within second order perturbation theory in the charge, it coincides with the usual electromagnetic mass variation due to the interaction with the electromagnetic field [35] . In this way, inserting Eq. (11) in Eq. (10), the Hamiltonian reduces tô
The eigenstates ofĤ belong to the complete Hilbert space H S ⊗ H F and have the form |p, { n k,j } = k,jD p k,j |p |n k,j . In the case where each momentum is in equilibrium with the dressed vacuum state, we consider the states
In Eq. (14) each operatorD 
Thus | p are eigenstates ofĤ with eigenvalues p 2 /2m. In the Schrödinger picture the time evolution operator expressed in terms of the transformed operators iŝ
We consider an initial localized wave packet whose components are the correlated states of the particle in equilibrium with the bath in its vacuum state
The initial density matrix of the total system is then given by
From Eq. (18) the reduced density matrix of the particle at time t is given by
Inserting the time evolution operator (16) and the expression for | p (14) in Eq. (19) , the matrix elements of the reduced density matrix can be cast in the form
The time dependence of ρ p,p ′ S (t) is given simply by exp [−it(p 2 − p ′2 )/2mh], and represents the free evolution of the initial reduced matrix elements
It follows that for an initial state consisting of a coherent wave packet of particle-bath correlated states | p , in the form of Eq. (18), decoherence doesn't depend on time. The decoherence present in the reduced density matrix elements is contained in the factor (20) . For charge-field interaction, this factor can be interpreted as a consequence of the cloud of transverse virtual photons being associated to each momentum component of the particle. This interpretation of the presence of decoherence in our system is analogous to the one given for the case of two level systems linearly coupled to a bath of harmonic oscillators [30] , where decoherence is attributed to the buildup of correlations between the environment and the states of the two level systems.
By performing explicitly the trace on the field in the factor appearing in Eq. (20) we obtain
Hence, the trace reduces to a product of coherent states. We calculate Eq. (21) explicitly in the case of a charged particle interacting with the electromagnetic field. We use the expression for the g p k,j of Eq. (5), exploit the form of the scalar product between coherent states and perform the continuum limit of the field modes, k →
= exp
where α = e 2 /hc. The last equation has been obtained summing over the polarizations and introducing as usual a high frequency cut off factor in the integral over frequencies [16] . However the frequency integral appearing in the last equation maintains the infrared divergence. This makes the reduced density matrix of the particle diagonal and the decoherence between different momentum states of the particle is therefore complete. Thus, as a consequence of the infrared divergence, there is a super selection rule in the momenta with the emergence of stable super selection sectors [36] . However, by taking into account the finite time measurement of the particle momenta, a lower cut off frequency ̟ may be introduced, the frequency ̟ representing the resolution in the detection process. Introducing this lower frequency cut off ̟ in Eq. (22) we obtain [37] 
where γ = 0.577216 is the Euler's constant. For ̟/Ω ≪ 1 Eq. (23) can be approximated as
and the initial reduced density matrix elements of Eq. (20) take the form
Now decoherence between momenta in the matrix elements of Eq. (25) is not complete anymore and depends both on the distance between the values of the particle momenta and on ̟.
Partially correlated states
The need of introducing a lower cut off frequency can also derive from the initial packet preparation rather than from the final measurement. If the initial packet is localized by a measurement with an uncertainty ∆x and then with a momentum uncertainty ∆p ∼h/∆x, this is equivalent to a minimum measurement time ∆t ∼h/∆p∆v [22, 38] , to which it is possible to associate a lower frequency limit ̟ ∼ 1/∆t to modes that have reached equilibrium with the particle. This indicates that we can start from an initial condition with the particle in equilibrium only with the modes at a frequency ω > ̟ while it has no correlation with those at ω < ̟. Thus we take as initial condition a state whose momentum components have the form
From Eq. (26) we build the initial wave packet p C p |p ̟ that corresponds to the initial density matrixρ
In Eq. (27) the modes at frequency higher than ̟ are distinguished from those at lower frequency and we have eliminated the cross terms between the two mode regions. In fact these terms won't contribute to the reduced density matrix elements because they will be eliminated in the field trace and then we don't consider them.
To discuss the time evolution from the initial state represented by the density matrixρ ̟ (0) it is useful to separate in the Hamiltonian of Eq. (7) the parts at frequency larger and smaller than ̟, i.e.
To treat properly the presence in the initial condition of correlations with the high frequency modes, inĤ, we apply the canonical transformation (8) only to the modes at frequency higher than ̟. This amounts to express onlyĤ ω>̟ in terms of the transformed operatorsã k,j andã † k,j . Following the same steps leading from Eq. (7) to Eq. (10) we get
In the last term of Eq. (29) onlyσ p is an operator and, in analogy to Eq. (11), it is possible to write by an appropriate definition of δm >̟
δm >̟ corresponds to the mass variation of the particle due to dressing with the high frequency modes. Thus, for the sum of the last two terms present in Eq. (29) we obtain
where δm <̟ = δm − δm >̟ indicates the mass variation of the particle due to dressing with the low frequency modes. Using Eq. (31) in Eq. (29), the HamiltonianĤ becomeŝ
whereH ω>̟ = ∞ j,k=̟/ch ω kã † k,jã k,j and the mass m ̟ is defined by
No renormalization term is present in the Hamiltonian of Eq. (32). This is due to the fact that only the interaction with modes at frequency ω < ̟ appears in H and that the mass m ̟ represents the bare mass with respect to the low frequency modes. The Hamiltonian being now expressed in terms of the bare mass, the low frequency renormalization term disappears.
In the HamiltonianĤ (32) the terms p (p 2 /2m ̟ )σ p ,Ĥ ω<̟ andH ω>̟ commute among them. This allows to analyze in a transparent way the influence of each of these terms on the time evolution of the reduced density matrix elements ofρ ̟ (0) and to discuss separately the effects of high frequency correlated and low frequency uncorrelated modes. In fact we can write the reduced density matrix elements of the particle at time t as
whereÛ ̟ (t) is the time evolution operator, that may be written as the product of three operatorsÛ ̟ (t) =Û S,̟ (t)Û ω<̟ (t)Ũ ω>̟ (t). The first,Û S,̟ = exp −i p (p 2 /2m ̟h )σ p t , depends on the kinetic energy and can be shown to affect only the free evolution of reduced density matrix elements. Introducing the timeordering operator T ← , the second term isÛ ω<̟ (t) = T ← exp −i t 0 dsĤ ω<̟ (s)/h , and depends on the modes at frequency lower than ̟, while the third term isŨ ω>̟ (t) = T ← exp −i t 0 dsH ω>̟ (s)/h and depends on those at frequency higher than ̟. Thus, Eq. (34) can be written as
U ω<̟ acts only on the low frequency part of the density operatorρ ̟ (0) of Eq. (27) representing the modes uncorrelated to the particle momenta. This leads to a time evolution of this part ofρ ̟ (0) formally identical to the one we would get from a fully uncorrelated initial condition. For a charge interacting with the electromagnetic field we may directly use, for the evolution of the low frequency part ofρ ̟ (t), the results already obtained in [31] , that is:
where the complex decoherence function Γ p,p ′ (t) = Γ 
which corresponds to the expression of Γ p,p ′ r (t) given in [31] in the limit T = 0, in which only the vacuum contribution remains so that Γ p,p ′ r (t) = Γ p,p ′ vac (t), and
Here, because of Eq. (27) , in the integrals defining Γ p,p ′ i (t) and Γ p,p ′ r (t) we replace the cut off factor exp (−ω/Ω) with the step function Θ(̟ − ω). In such a way we obtain a new expression for the real and imaginary part of the decoherence function,Γ p,p ′ vac (t) and Γ p,p ′ i (t), which will depend only on the modes at frequency lower than ̟ as:
where Ci(̟t) and Si(̟t) are the cosine and sine integral function [37] . Using the expression of Ci(̟t) for small and large values of ̟t [37] we obtain forΓ
Eq. (41) shows that there are a quadratic and a logarithmic time evolution regimes. The transition from the first to the second one occurs at a typical timet ≈ ̟ −1 with |Γ
The effective magnitude ofΓ p,p ′ vac (t) at a given time depends both on ̟, which is determined by the preparation or observation procedure, and on Q which depends on the charge and the mass of the particle and on the distance of the reduced density matrix element from the diagonal in the momentum space. The vacuum influence on the time evolution of decoherence for Q ≪ 1 remains small because of the logarithmic dependence ofΓ p,p ′ vac (t) from time. Its effect increases with Q and for sufficiently large Q decoherence may become effective at times t ≥ ̟ −1 . This behavior is shown in figure 1 . In conclusion we see that the effect of the low frequency modes, described by U ω<̟ (t), reduces to a multiplication factor in the reduced density matrix elementρ Joining together all the previous considerations we finally obtain for the complete expression of the reduced density matrix elements
We observe that with regard to the contribution in Eq. (42) of the low frequency modes, we have used Eqs. (39) and ( (42) is intermediate between the two extreme forms, completely correlated (20, 22) and uncorrelated (36) , and it coincides with them respectively in the limits ̟ → 0 and ̟ → Ω.
One must observe that in the fully correlated case (̟ = 0) the particle is completely entangled with the field and the initial reduced density matrix (18) contains already all the decoherence, which therefore remains constant with time. For ̟ = 0 the initial entanglement is partial and it is the coupling dynamics that induces the progressive entanglement with the modes at frequency less than ̟ thus leading to an increase of the decoherence present at t = 0.
Summary and Conclusions
We have studied the decoherence among the momentum components of a free particle wave packet linearly interacting with a zero temperature bath by working out the time dependence of the off diagonal elements of the reduced density matrix of the particle. We have also examined the influence on the decoherence development by the initial conditions and in particular by the presence of correlations between the particle and the environment.
The influence of initial conditions on decoherence has been previously studied by examining the attenuation of coherence between a pair of coherent wave packets in the case of a particle interacting with a bath either at finite [27] or zero temperature [29] .
We have considered initial conditions ranging from the case of absence of initial correlations to the case where they are fully developed. The particle-bath system is described in the former case by a factorized density matrix and in the latter, which corresponds to a stationary condition, by a linear combination of the eigenstates of the total Hamiltonian. The reason to consider this range of initial conditions is linked to the fact that when the interaction between the system and the bath is always present, as in the case of a charged particle interacting with the radiation field, it isn't appropriate to start from a condition where no correlations are present. On the other hand because of either a finite measurement time or preparation time it is not appropriate to start from a condition where there is complete equilibrium among the particle momenta and all the field modes. By taking for example a finite preparation time τ , one is led to consider a situation where equilibrium correlations have been established only with the modes at frequency higher than ̟ ≈ 1/τ , while modes of lower frequency are uncorrelated.
This intermediate initial situation may be described by a density matrix formed by two parts: the first, time independent, describes the initial correlations already established with modes at frequency higher than ̟; the second time dependent, will describe the establishing of correlations with the modes at frequency lower than ̟. We have shown that, for the case of linear interaction, the increase of decoherence is at first rapid and goes like t 2 while, after a transition time of the order of ̟ −1 , slows and goes as ln t, in a certain sense reaching a plateau at t ≈ ̟ −1 . The effect of partially correlated initial conditions does show only in the transition time, while the value that decoherence reaches at the transition time is only a function of the physical parameters of the particle like the value of the coupling constant, the particle mass and the distance of the matrix element from the diagonal.
We have explicitly obtained our results for the case of a charged particle interacting with the electromagnetic field. In fact, by an appropriate choice of the width of the particle wave packet we have shown that it is possible to adopt the dipole approximation. In this context and by considering the case of low field intensities, we have shown that the interaction Hamiltonian becomes linear. In this case then the value of the decoherence at the transition time ̟ −1 depends from the combination of parameters given by Q ≈ 2α 3π
Moreover the time independent part of the reduced density matrixρ ̟ (0) given by Eq. (27) presents an infrared divergence when the preparation time is large and thus ̟ → 0 (25) . In this case the decoherence in momentum space is complete and the divergence is connected with the establishing of a complete correlation with the low frequency modes. For finite ̟, with the buildup in time of correlations with the low frequency modes these become populated. This process gives rise to a cloud of photons around the particle which are then responsible of mass renormalization. The two phenomena of decoherence due to zero point modes and dressing of the particle are thus related. Moreover when one performs an experiment that takes a finite time, that shows the presence of decoherence, like in interference experiments [6, 11] , it is appropriate to ask the form of the reduced density matrix that correctly describes the experiment. From what said previously it appears that the trace must be performed only on those field modes where supposedly equilibrium hasn't been reached. Then the characteristic time in which decoherence becomes complete is a factor Ω/̟ larger than the characteristic decoherence time one obtains starting from completely uncorrelated initial condition [31] .
Our analysis has been conducted in the context of non relativistic QED which is an effective low energy theory with the cut off frequency Ω, in the spirit of modern quantum field theory, parameterizing the physics due to the higher frequencies [39] . For this reason our final results must show a dependence on Ω, that is however as usual weak (logarithmic), as for example in the case of non relativistic expression for the Lamb shift. The appearance of the bare mass m 0 in our results, e.g. in Eq. (20) and (42), is due to its use in the definition of the coupling coefficients g p k,j (5). The g p k,j in Eq. (7) and (28) could be expressed in terms of the fully and partially dressed mass by introducing a further renormalization term which is however O(e 3 ) and therefore typically neglected. This procedure would eventually lead to final reduced density matrix expressions given in terms of the dressed masses with a correction in the exponents of O(e 4 ) with respect to the actually results. This may be alternatively seen by expressing, directly in the final expressions for decoherence, the bare mass in terms of the dressed masses obtaining a further term containing the product of the mass variation of O(e 2 ) for a factor α. As a final consideration we observe that a state describing an electron not in complete equilibrium with its surrounding field was suggested by Feinberg [40] to represent the electron immediately after a scattering event of duration τ . In fact, due to causality requirements the electron can reach equilibrium only with its field within a region of size l ≤ cτ . Similar states of incomplete equilibrium have been also studied in QED when rapid changes occur in atomic or molecular sources [28] . However the most promising field where states of not complete equilibrium may be implemented is solid state physics. The use of ultra fast spectroscopic techniques has in fact permitted the generation of almost bare electron-hole states and to follow the time evolution of the dressing process due to the interaction with the phonon field [41] . Taking into account the previous considerations, one can envisage a process where, starting from states of not complete equilibrium, the evolution of decoherence gives rise, in principle, to observable effects. Let's in fact consider the scattering of a charged particle from two scattering centers, the process lasting a finite time τ ≈ ̟ −1 . From the considerations developed in this paper one must expect that, after the scattering, the state of the particle may be described by Eq. (27) and the decoherence which develops after the scattering gives rise to a decrease of the interference effects which depends on ̟.
